We present an analytical method for systematic optical design of a double-pass axicon that shows almost no astigmatism in oblique illumination compared to a conventional linear axicon. The anastigmatic axicon is a singlet lens with nearly concentric spherical surfaces applied in double pass, making it possible to form a long narrow focal line of uniform width. The front and the back surfaces have reflective coatings in the central and annular zones, respectively, to provide the double pass. Our design method finds the radii of curvatures and axial thickness of the lens for a given angle between the exiting rays and the optical axis. It also finds the optimal position of the reflecting zones for minimal vignetting. This method is based on ray tracing of the real rays at the marginal heights of the aperture and therefore is superior to any paraxial method. We illustrate the efficiency of the method by designing a test axicon with optical parameters used for a prototype axicon, which was manufactured and experimentally tested. We compare the optical characteristics of our test axicon with those of the experimental prototype.
Introduction
Axicons [1, 2] belong to a special class of optical systems that form a focal line along the optical axis rather than a compact focal point. Focusing of an axially collimated beam by a linear axicon results in a converging beam with all rays intersecting the optical axis at an equal angle, which ensures constant width of the focal line. Axicons can be constructed as refractive cones (conical glass prisms) [3] or reflective cones [4] , glass plates with concentric circular gratings [5] , computer-generated holograms [6] , gradientindex lenses [7] , and also as compound lens systems [8 -10] with in-built negative spherical aberration, which is necessary to create the extended focal line. The later type includes lens doublets [11] and defocused Galilean telescopes [9, 12, 13] .
Initially, axicons were suggested for use in telescopes, projectors, and autocollimators [1, 3] , for spatial alignment of reflecting surfaces as well as optical components in the absence of an axial line of sight [14] . The later technique has been extended for optical alignment using several axicon-type focusing lenses [15] . A unique property of an axicon combined with a positive lens to obtain a ring shaped image has been quickly recognized for laser machining, in particular when pulsed lasers are used for drilling [16] . Laser beam focusing into a ring of adjustable size is also used as a continuous annular laser trap for noninvasive manipulation of biological cells [17] . This ability of the axicons to create annular traps with high power efficiency without any mechanical scanning has been recently applied for animal fertility and biotropism study [18, 19] .
Axicons can be used to generate Bessel beams, sometimes referred to as nondiffracting beams. They are well suited for high-resolution light sectioning to determine object profiles [20] . The central region can be constructed to have a core of nonvarying width or intensity over an extensive range [2, 6, 8, 21] , which implies a usefulness in applications requiring great depths of field. This feature is currently in use for scanning imaging systems [22] where the image is realized point by point, in particular for highresolution optical coherence tomography [23] . Interfering Bessel beams can be used for controlled rotation of microscopic particles in optical tweezers [24] and interferometric testing of optical surfaces [25] . A retroreflecting function of axicons designed as a reflecting 0003-6935/07/246076-05$15.00/0 © 2007 Optical Society of America cone or refracting glass cone combined with a flat mirror has been utilized for atom trapping [26] and generating hollow laser-beams [27] . By means of an axicon-lens system, the hollow beams can be transformed into bottle beams suitable for atom guiding [28] . To control the core diameter and wall thickness of such a light-atom guide, two additional axicons are required [29] .
High lateral resolution and long depth of field in the focal regions give axicons an advantage over conventional imaging optics. On this basis, developing new optical systems that perform axiconlike focusing are of special interest. In this paper we present a systematic design procedure for a recently proposed anastigmatic lens axicon [30] and illustrate its distinguishing features in oblique illumination. As an example, we design a test axicon with optical parameters used for an experimental prototype of lens axicon [30] . We compare optical characteristics of the test axicon with those found experimentally for the prototype lens axicon.
Principle of an Anastigmatic Axicon
Imaging through axicons is usually excellent for an axial beam only, while dominant astigmatism deteriorates the image quality for off-axis beams [22, 31, 32] , leading to a deformed core of asteroid shape. A recently proposed double-pass axicon shown in Fig. 1 is nearly free from astigmatism over a field of view of several degrees [30] . This is achieved with a simple meniscus lens with two spherical surfaces being nearly concentric with the center of the aperture stop, which eliminates almost any asymmetry in the beams exiting the axicon after double reflection. The front and the back surfaces of the axicon have reflective coatings in the central and annular zones, respectively. The double pass provides the necessary amount of negative spherical aberration to create a focal line of uniform width [30] .
Exact ray tracing of the marginal ray through the axicon (as shown in Fig. 1 ) can be accomplished with trigonometrically derived equations as follows. For a given set of geometrical parameters, such as entrance height h, radii of curvature r 1 and r 2 of the front and back surfaces, the axial thickness d, and refractive index n of the glass, we have
where all geometrical parameters are explained in Fig. 1 , and i are auxiliary parameters. Using Eqs.
(1), we can estimate the clear optical diameters of the axicon front and back surfaces as D 1 ϭ 2h and D 2 ϭ 2y 2 , respectively, and the corresponding diameters of the reflective areas, which are defined by the marginal ray heights y 2 , y 3 , and y 4 . To accommodate beams passing at some off-axis angle , the clear optical diameters are enlarged accordingly: D 1 ϭ 2h ϩ 2r 1 and D 2 ϭ 2y 2 ϩ 2r 2 ; here we used the concentric property of the surfaces. Similarly, the radius of the central reflective zone on the front surface is increased to y 3 ϩ r 1 , whereas the inner and outer radii of the annular reflective zone at the back surface should be within the range of y 2 ϩ r 2 and y 4 ϩ r 2 to avoid vignetting of the marginal ray.
One may also calculate the height ͑h͒ and the directional angle ␣͑h͒ of the marginal ray at the exit plane (tangent to the back surface of the axicon) as a function of the ray entrance height h: The directional angle ␣, defined as an angle between the optical axis and the ray exiting the axicon, characterizes the width of the focal line and its length. We apply a geometrical method to derive an axicon configuration for a given angle ␣ of the marginal ray. The method is based on the assumption that there is one particular (key) ray traversing parallel to the optical axis just before exiting the axicon. Figure 2 depicts the path of the key ray, which becomes parallel to the optical axis after reflection from the front surface. This condition enables us to express d and r 2 as a function of r 1 and the central obscuration ϭ y 3 ͞y 1 . Figure 2 helps to visualize the idea: if the shape of the front surface is known and the ratio y 3 ͞y 1 is chosen, we can trace the entering ray toward the back surface (after first refraction at height y 1 ) and also trace the exiting ray (after second reflection at y 3 height) backward so that these two rays meet at point M. Taking into account that these rays form identical angles with the radius CM of the back surface, we can find angle ␥, and position of point M͑y 2 , z 2 ͒, which finally allows us to find the other two parameters r 2 ϭ y 2 ͞sin ␥ and d. We can further simplify calculations by assuming that the key ray is traversing the glass near the optical axis. In this case we have
where is the central obscuration for the key ray. In order to express the front radius of curvature r 1 via angle ␣ of the key ray, we again exploit the ray parallel property shown in Fig. 2 , and obtain simple relation ␣ ϭ h͑n Ϫ 1͒͞nr 2 , which combined with Eqs. (3) gives us
where an additional factor of 2.4 accounts for a larger angle ␣ at the maximum height h max . Finally we present a formula for central obscuration used in Eqs. (3) and (4):
This formula has been empirically derived by finite ray tracing using Eqs. (1) . Figure 3 (a) shows a comparison between estimated values of using exact Eqs.
(1) and approximate Eq. (5). For a chosen angle ␣, one can use Eqs. (3), (4), and (5) to calculate all geometrical parameters of the axicon with a focal line being balanced with respect to the angle of exiting rays, that is, ␣͑h max ͒ Ϸ ␣͑h max ͞2͒. The initial value of ␣ used in Eqs. (4) and (5) corresponds to the maximum angle in the focal line at an intermediate height of 2h max ͞3. This feature is illustrated in Fig. 4 , where we present a typical function ␣͑h͒ of a test axicon designed for h max ϭ 10 mm, ␣ ϭ 0.05, and n ϭ 1.5. The geometrical parameters of the test axicon are found to be ϭ 0.493, r 1 ϭ 14.333 mm, r 2 ϭ 27.373 mm, and d ϭ 11.15 mm.
Calculation of Intensity and Width of Axicon Focal Line
The back distance z͑h͒ between the intersection point of the marginal ray with the optical axis and the vertex of the back surface is directly related to the length of the focal line of the axicon. Using these parametric Eqs. (1) and (2), its length is readily found as a difference in back distance l ϭ z͑h max ͒ Ϫ z͑h min ͒, where h max is the height of the marginal ray and h min is the height of the innermost ray. We can also express the focal line half-width w and its intensity at a distance z with the help of the stationary-phase approximation [2] ,
where ͑͒ is the optical path difference (phase). The definition of the stationary point is Ј͑͒ ϭ Ϫ͑z͒͞z.
Using the chain rule, we find the second derivative Љ͑͒ in Eqs. (6), and using ray density redistribution to express intensity as I͑͒ ϭ hdh͞d, we obtain the intensity of the focal line as a function of height h,
It is worth noting that the half-width and intensity of the focal line can be found from Eqs. (6) and (7) relying on exact ray tracing with Eqs. (1) and (2) . The derivative in Eq. (7) is calculated as a finite difference zЈ͑h͒ ϭ ͕z͑h ϩ ⌬h͒ Ϫ z͑h Ϫ ⌬h͖͒͞2⌬h, where ⌬h can be put arbitrary small. Figure 5 shows the width w and intensity I of the focal line as a function of the back focal distance z, calculated from Eqs. (6) and (7) and normalized to the inner values at h ϭ h max ͞2. It is easily seen that the width of the focal line does not vary much, whereas its intensity gradually decreases from the beginning to the end of the line. The estimated intensity variation of the focal line as well as its width and length are similar to those values measured experimentally for a prototype axicon [30] . The direct comparison was somewhat difficult because the prototype axicon was manufactured with slightly different geometrical parameters: r 1 ϭ 14.8 mm, r 2 ϭ 26.1 mm, and d ϭ 10.0 mm. In practice, for ␣ Ͼ 0.05, one has to keep in mind that central obscuration for the marginal ray is somewhat larger than that given by Eq. (5), since the latter corresponds to the key ray and is valid only for inner rays. Therefore one should calculate the maximum central obscuration from Eqs. (1) as the ratio max ϭ y 3 ͑h max ͒͞h max ; alternatively, one may use an approximate formula
where ␣ is the initial value that defines geometry of the axicon. Figure 3( When choosing directional angle ␣, Eqs. (6) and (7) can be of great help for characterizing the focal line (the variation of its intensity and width). Depending on the particular application, one might use only part of the focal line with nearly constant width, while others could benefit from using the full length of the line for maximum depth of focus.
Conclusions
While there has been considerable progress in the development of optimization programs for optical design, the choice of a good starting point is an important factor for successful optimization. It is always desirable to find an analytical solution for a new optical problem, as one can gain better insight into the problem. Our algebraic approach provides an effective way for designing an anastigmatic axicon. In view of its major function to form an extended focal line rather than a compact focal point, the use of conventional lens design programs for this task is not as straightforward. It might be easier to obtain a starting design using relatively simple formulas and then use it in a lens design program for future analysis and optimization. The main advantage of the proposed design lies in its ability to significantly reduce the amount of astigma- tism present in conventional linear axicons. This feature makes it advantageous in applications where operation at off-axis angles is required. Correction of astigmatism becomes possible due to nearly concentric geometry of the axicon with respect to the center of the entrance pupil. We demonstrated the usefulness of the method by designing a test axicon with optical parameters used for a prototype axicon, which was manufactured and experimentally tested. The results of our analytical analysis of the focal line characteristics are consistent with experimental findings for the prototype axicon.
